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1. Introduction

The concept of pseudo-differential operators was originated by Kohn-Nirenberg [1], Hérmander [2, 3] and others.
Pseudo-differential operators on S(IR) have been discussed in association with fractional Fourier transform by Pathak
et al. [4], Prasad and Kumar [5]. In this connection, pseudo-differential operators of infinite order involving fractional
Fourier transform on W,,(R™) and W,;}(C™") have been studied by Upadhyay et al. [6], Upadhyay and Dubey [7]
respectively. The main aim of this paper is to discuss the some properties of pseudo-differential operators involving
fractional Fourier transform on Schwartz space S(R™), where R™ is usual Euclidean space. If x = (xy,...,x,) and
¥y = (Vy,..., yp)are the elements of R™.

Then the inner product of x and y is defined by
(x,y)=xy= 2}21 Xj-Yj (1)

and the norm of x is defined by

el = (T, x2) = (xF + -+ x2)2 @

If B = (By,...,Bn) is an n-tuple of non-negative integers, then g is called a multi-indices. We write, |B| = B, + -+
B, and for x € R*, x# = xflez x,f". The n-dimensional fractional Fourier transform with parameter a of ¢(x) on
x € R" is denoted by (F,$)(§) = ¢,(&) [8, 6] and defined as

$a(§) = (Fed)(§) = fon Ka(x, ) p(x)dx, § € R” ®)
where
Caeii('x'zﬂi'z)“’t“—i<x,§> csca if @ #nm
Ko(x,8) = {;ne—i(x,f) if a = g, vn € Z,
(2m)2
and

_n ina
Cy = (2misina) ze 2

The corresponding inversion formula is given by

p(x) = I]R" Kq(x,8) (ﬁa(f)d&x € R" (4)
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where the kernel

—i(|x|2+|&|?) cota

Ko@) = Che™ 2 e,
and
;o (Znisina)% —ina
Co = (2rsina)n ®)
Definition 1.1 The Schwartz space S(R") is the set of all ¢ € C*(R"™) such that
sup
Y,u,v(d)) T xeER" [x#D¥p(x)| < o, (6)

for all multi-indices p and v.

Definition 1.2 Letm € R. Then we define the symbol class S™ to be the space of all 8(x, &) € C*(R™ x R™) such
that for any two multi-indices p and v, there is a positive constant C,, ,, depending upon p and v such that

|(DEDY)(x, )] < Cuu(1 + ED™ M, Vx,E€R™ %

Definition 1.3 Let 8(x,&) be a symbol belonging to S™, then the pseudodifferential operator Ay, associated with (x,&)
is defined as

(Apa®)(X) = [on Ka(x,§) 0(x,E)Pa(§)dE, ¢ € S(R™) ©))
where ¢, (&) is the fractional Fourier transform of ¢ (x), defined by (3), and

= o —i(lx2+1§13) cotar .
K,(x,8) = C&ef*—l(x,f)csca’ o

where C,, is defined by (5).

2. Pseudo-Differential Operators Involving Fractional Fourier Transform

In this section, some properties of pseudo-differential operator associated with fractional Fourier transform defined
by (8) on S(R™) are discussed.

Theorem 2.1 Let 6(x,§) € S™, where m € R. Then 4g , maps S(R™) into itself.

Proof. Let ¢ € S(R™). Then for any two multi-indices [ and v, we need only prove that

sup
x € R

Proof of the above theorem follows from the facts of Pathak et. al. [4, Theorem 4.1] and Wong [9, pp. 31-32].

|%#D7 (Ag,c ) (X)] < . (10)

Theorem 2.2 Let 8(§) € C*¥(R™),k > % be such that there is a positive constant Cg,, depending on £ and n only,
such that

|(pf6) @) < Gpu(1 +1ED* (11)

for multi-indices g with |B| < k. Then for 1 < p < oo, there exists a positive constant Bé(,ﬁ,n depending on ¢,/ and
n only, we have

[(40e®) @I, < Bepn 6@, Y (x) € S(R™, (12)

where

—i(|x|2+1£1?) cota

(Ao o)) = Co fone™ 2 DO 9(O)G,(£)dE. (13)
Proof. From (13, we can write

(Ag,e ) () = F;[8(5)$a ()] (). (14)
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Now we assume that

E7H 0@ (O] () = (f * 9 ().
Then,

0()$o(©) = El(f * )®]E),
~c.| A e g ) e
Rn

From the arguments of [7, pp. 121, 122], we obtain

0E)Pa(§) = xe ()3 ©). (15)
From (15), we get
0@ =7xe 7 L) $al®) = §u®). (16)
Therefore,
) = CFt 5500|009 = 900, (a7)
Thus, the (14) gives
(A0at)0) = (Cabi* [ 57000+ ) () (18)

Using convolution property |If * ¢ll, < lIfll1ll¢ll, for f € L'(R™) and ¢ € L,(R™), we have

ICa0)c0l, = |(abi e

= z°°t“e(f>] . ¢> @

D

|§|2 ota
= a1 (O] WIS (19)
Now, we shall prove that
caFf( e e(s)>(x)eﬂ(w) (20)
Thus,
p< . 6@))( )= G f o g e 2 ) g
= AL i eseag (5 g
Then

—i|x|? cota
2

xBFa—l ( Ifl2 9(€)> (x) = —(l csca)” 1Bl f Df(ei(x,f)csca)g(é) dé.
Rn

By using the parts of integration, we get

xﬂFgl( e 9(;’))( )——( 1)1 csc @) Fle™ 22 [ s ola@ .

Therefore,

wwpesea)| | (0f)(¢)| dé.

xﬁFa'1< e e(&)) | <
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Using (11), we have

|§’|2
xﬁFa*( 6(5)) (E9] I f (L+1ED1Fldg.
Thus the last integral is convergent for sufficiently large g, then we get
i|€]2 cota
xPE 1 (e ) 9({)) )| < 2Cp-

Hence, we have

< CBncsca(l + |x|) IBI

At ( e e(e>>(x)

Fr (KP 9@0@)

Then,

< Cpmescall (1 + 1xD 7|
1

< o0,
Therefore,

Fy (mz Mﬂyweﬂmﬂ

From (19), we get
||(A9,a¢)(x)”p < CB,n,cscot”(1 + |x|)_|'8|||1”¢(x)”p

< By gallp (I, for (x) € S(R™).
A similar theorem has been studied by Upadhyay et al. [10] on W,,(R™) space by using Fourier transform.

Example 2.1 Consider a generallzed differential operator, which is defined by AS—A . AS" where s € Z, x €
R™ and foreachj=1, 2, - - - n, we have
. 9 5
S] _ T ]
ij— ( ‘ax,- + x; cota) .
Let ¢ € S (R™), then using (4) we have
A5 () =D [pn Ke(,8) $a(§)dE, v eR"

—i(|x|2+]£]2) cotx
2

= (—i :—x + x cot a)s Co Jan tibesca g (&)dE
= f]]gn Ko (x,§) (§ csc a’)s$a (§)d¢.

Since (¢ csca)® € S™form = |s| = s; ++--s,, where m € Z,.. Hence generalised differential operator Aj is a
pseudo-differential operator with symbol (¢ csc a)? in the sense of fractional Fourier transform.
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