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Introduction

Algebraic Graph Theory is a branch of mathematics in which graphs are constructed from the algebraic structures such as groups,
rings, etc. The concept of Clique graphs were explored by Hamelink & Ronald. C. After that, Roberts and Spencer [1] have given
the concept of A characterization of Clique graphs in 1971. Singh and Devi [2] have introduced the notion of Cyclic Subgroup
graph for a finite groupz_. We extend this graph for non-abelian groups. A numerical boundary mathematically derived from the
graph structure is a topological index of a graph G. There are hundreds of graph invariants with applications in many areas of
Mathematics, Chemistry, Pharmacology, Social Sciences etc. Our present work is provoked by the above study and we examine
some of the topological indices on clique graph of cyclic subgroup graph for dihedral group and its characteristics. Throughout
this article, we discuss some theorems for prime p, p?and pg, where p and g be distinct primes. Before entering, let us look into
some necessary definitions and notations. The cyclic subgroup graph r_(G) for a finite group G is a simple undirected graph in
which the cyclic subgroups are vertices and two distinct subgroups are adjacent if one of them is a subset of other. For an integer
n = 3, thedihedral group p,, oforder 2nisdefinedby p, =< a,f:a” = f? =1, faf = a* = . Theclique graph «(#) of an
undirected simple graph H, is a graph with a vertex for each maximal clique in H. Two vertices in «{H) are adjacent when their

. . . . . 1
corresponding maximal cliques in g share atleast a single vertex. The Balaban Index, Knor etal. [3]/(H) = 55 Zoyera GOED

, where q and b are the number of vertices and edges in H, z(x) andz(y) denotes the total of distances from x (resp. y) to every
vertices of H. The first Zagreb index index and the second Zagreb index, M, (H) = X, ey (¢ (d,) Tand M, (H) =X, eg(c) Qu v,
where d,, denotes the degree. The First Zagreb degree eccentricity indexpE,, DE, (H) = L, ey (e; + d;)*. The Second Zagreb
degree eccentricity indexDE,, DE,(H) = Ez:[,vj-E s (8 +d;)(e; +d;). Let g, (x) (Kulli [4]) be the status sum of neighbour
vertices. The first status neighbourhood index,SN,(H) = EI}.EE,:H;,{J,! (x) + o,(¥)}. The second status neighbourhood
index,SNy(H) = Xy io, (x).0,(¥)}. The Third status neighbourhood index,5N5(G) = Ly cyiary O (x)*. The atom

—
bond connectivity status neighbourhood index,ABCSN(H) = X_ cz |Iw

—=——The atom bond connectivity status index
N o Ll (v)

a (&) +aly)

T
||:7L.r)+:7l,y)—2
xyEE(H) a -,'I—IF l:x:l.r:':}':l'

Kulli [5], ABCS(G) = Zx)'EE'IH),J Ry

. The arithmetic-geometric status index, AGS(H) = X The

augmented status index, ASI(H) = X <z s ( oloely) )®. The Forgotten topological index (F-index),F(H) = T ey (d(x))?

olx)+aly)-2

-

. The N, — index, N, (H) = dmm'H}(ExEV,H}d (x)).k. The eccentric harmonic index, H JH)= X, L-J.-EE-;H}'B[;BJ:,

The geometric-arithmetic index,GA(H) = X e _d" % The Randic type hadi index, RH(H) = X, (¢ ﬁ We give
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a lemma for better understanding for the readers which we have given in our paper named as Clique Graph of Cyclic Subgroup
graph of dihedral Group [6].

Lemmal.l1.
For a clique graph of cyclic subgroup graph on a dihedral group of order 2n,n € N, where n = 2
. K[TE[D:”)) is isomorphic to K, ifn = p

K[TE[:D:”]) is isomorphic to K24 ifn = p*

I{[TE[:D:”)) is isomorphic to K, .- if n = pg

Topological indices on Clique Graph of Cyclic Subgroup Graph for Dihedral Group

Theorem 2.1.
For a cyclic subgroup graph on a dihedral group of order 21, for 11 € M where 1 = 2,
. I.(D,,), where n be prime is a tree if and only if I'_( D, Jis isomorphic to Kips1
. I.(D,,)is unicyclic if n = p*
. I_(D,,)isbicyclicif n = pq where p,q be distinct primes.
Proof
(i) Forn = p,I_(D,, ) is a tree. The vertex set of I _(D,,, ) be
V [Tz [D:u ]) = {uy, g Upyo }. For the cyclic subgroup graph, the cyclic sub-groups are the vertices and for two
distinct subgroups are adjacent if one of them is a subset of other. Here, the vertex Uyyo € V[TE [D:u ]) consisting of a

trivial subgroup (identity element) which is adjacent to all remaining Upsq vertices. The another way of stating this result

is a universal vertex is adjacent with every other vertex which in turn implies that I"_ (D:”] has p» + 1 pendent edges in it.
Hence, for n = p,I'_ (D, )is isomorphic to Kips1-

The converse is obvious.
(ii) For it = pZ, the vertex set of I (D, ) be V(I'2(D2,) ) = {1ty ttgs coes U2y}

Here, the vertex Uy € v (_Tz (D - ) ) consisting of an identity element which is adjacent with every remaining i ;24 5
vertices. Also, 1t and 1iare adjacent which makes the unicyclic graph.

(iii) For n = pg, the vertex set of I_(D,, )be V[l"z (D:”j} = {Ir,l, Loy ey ILPq+4}. Here, the vertex
Upges € V[FH(D:”]) consisting of an identity element which is adjacent with every remaining Upgsa vertices. Also,

the vertices 11,1ty € L’[l"z (D,, )) are adjacent with 1t whereas 11, and ¢4 are not adjacent to each other, which makes
a bicyclic graph.

Theorem 2.2:

For a clique graph of cyclic subgroup graph on a dihedral group of order 2n, 1t € N where n = 3;

[ (P+1)°—(p+1)°

20 -p+2) TP
_J@rP 1P - (P + 1) ,
J(K[TE(D:?!j))_ 3 2[P4_p:+2) If n=p-
(pq+2)°—(pg+2)* _
if n=pq

\ 2((pq)* —pa+2)

14 SRMS Journal of Mathematical Sciences, Vol-7, 2023, pp. 13-23 ISSN: 2394-725X



S. Ragha

Proof:

Casei: Forn = p

(T2 (Do) = (p+ 1"~ (p+1) (tp - up)

(p+12—(p+D)—20p+1)+4\ 2p

_ @+ -7+ 1)((p+ 1))
pi—p+2 2

(P+1)°—(p+1)°
2(p*—p+2)

Case ii: Forn = p~

(PP +1)° —(p°+ 1) ((P: + l)p:)
pP+1)2—-3(p2+1)+4 2p?

_ @+ -ty (P+1)
p*+2p*+1-—-3p*—3+4 2

_ @+ 1) - (p*+ 1)
2(p*—p*+2)

I(K(TS(D:?!])j = (

Case iii: Forn = pg

](KEFEEDZ:':])j = [:

(pq +2)" — (pg +2) ((pcr +2)(pq + 1))
pq+1)*—3(pg+1) +4 2(pg + 1)

_ (pq +2)° —(pq +2) (qu + 2))
(pq)*+4+2pg—3pg— 6+ 4 2

_(pg +2)° - (pq +2)°
2((pa)* —pa+2)

Theorem 2.3:
Let H = K[TE(D:”:])is clique graph of a cyclic subgroup graph on I}, 1 = 3.
Then,
(p®+3p°+3p+1 ifn=p
& 4 : : — 4.2
DE,(H) = Jp +33p +3pﬂ+l I.fn e
(pq)* +3(pq) " +3pg+1 if n=pgqg
\
4 3 z
[ P+3a=-t3a=+u ifn=p
LI RN
DE,(H) = { 2=+ ifn= p?
i +5}“( +1 .
rq - patl) if n=pq
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Proof

Casei: Forn = p
DE,(H)=p*+1+3p(p+1)

=p?+3p*+3p+1

Case ii: For it =p:
DE,(H)= p®*+1+3p*(p*+ 1)
=p*+3p*+3p +1
Case iii: Forn = pg
DE,(H) = (pq)® + 1+ 3pq(pg + 1)
= (pq)® +3(pq)* +3pq +1

Casei: Fornm = p

plp+1)(p+1)(p+1)

DE,(H) = 5
PP+ 1+3p(p+p
2
Pt + 3pP+3p i +p

2

Case ii: forn = p*~
(P*+1)(P*)(1+p)(1 +p7)
2

DE,(H) =

(14D
B 2

Case iii: forn = pg
(pg +2)(pg + 1)(2+ pq)(2+ pq)
2

DE,(H) =

_(pa+2)°(pqg+1)
2

Theorem 2.4.
For the clique graph of cyclic subgroup on a dihedral group,

H, (x(T,(D;,))) = 64 (x(T.(D,,)))

((p+1)p .
—_— ifn=np
2
2 :_|_1 i
_lr (pz ) iFn= p?
(pqg + 2)(pg+ 1) L
L 3 if n=pq
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Theorem 2.5.
For the clique graph of cyclic subgroup graph on a dihedral group, the N, -index is
(p+1)p ifn=p
N, (x(T. (D)) = {pftpf+ 1) if n=p
(pa)(pg+ 1) if n=pq
Proof:

Casei: Form = p

digm [Kl:rz':-D:n}:l}

V(@)= ) EEECIE

k=1 vev(x(T;(Day)))

1

- > dw

R=1 N\ vev(x(T; (D))

=p(p+1)
The proof is similar forn = p*& pg

Theorem 2.6
For the clique graph of cyclic subgroup graph on a dihedral group,
((p+1)p-1
V2
VPP -1t + 1)
V2
(pg + 2) y’ﬁ
| V2
((p+1)J-DE+1)
V2(p)
JET-DEP+DE*+1)
V2(p?)
(pq + 2)|/(pa + 2)pq
\ V2(pg + 1)

ifn=p

4Bcs (x(T,(D,,))) =4 if n=p°

if n=pgq

ifn=p

ABesN(x(T,(D,,))) =1 if n= p?

if n=pq

Proof:
Casei: Formn = p

| —
ABCS (K (r. [D:p})) = z N||J(?(;c_ia) 2

x}'EEI[H[]'zI:D:p:I

— -
[ptp—2 (pwﬂ})
~.4| p.p 2
_(ptl)fp-1

V2
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Case ii: Forn = p~

aes(x(L(0a2))) = ) \ |||ﬂ(?(;r;$)_2

2. 2 o (e,
|[p”+p~ -2 (F e +l:|)

,Hl pﬂlp: 2
_ p*+1/pT-1
\,"i

Case iii: For n = pq

ases(x(L(00)) = ). |||ﬂ(3'-’j +o() -2

a(x).a(y)

I}'EE':H[]-_E I:-Dgpq ”‘} N

|I|:pq+ L+ (pg+l)-2 (I:pq+f}':;lq+1:')
'\ll (pg+1lipg+1} z
_ (pa+2)/pg

VZ
Casei: Fornm = p

ABCSN(K (TH[D:;J)) = Z lllﬂn (e) +0,(3) — 2

J a®0,0)

x}'EE( K [1'2 |:.D=p :|}

[p~+p~-2 (uuﬂi})
‘\Il 2 p? n

__(pt1)/(p+1)ip-1)

VZ(p)

Case ii: Forn = p~

I () + 0, () — 2

leCSN(K (l"z(ﬂzp=))) = Z o, (x).0, ()

x }'EE(H (o, 2 }}\l A

s

‘\Il -

-

-1 -
|p4+p4—2 (p lp +J.:|)

_ ) /DD

VZ

Case iii: Forn = pq

wmesn(x(r o))=Y [Ere)-2

-r}'EElih' [1_2 I:D:FIE :I}} N Tn [.’?{'] Oy (F]
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[+ %, - 2 - -
— |lpa+ 1) +{pg+l)”-2 (Lprr+2}'~urr+1})
x,.' (pg+l)=(pg+1)® 2

__ipg+1),/(pa+llipg—1)

VI(pg+l)
Theorem 2.7
The forgotten index of clique graph of cyclic subgroup graph on a dihedral group,
p*+p° ifn=rp
F(KEFEED:”])}= p®+p° if n= p°
(pg + 2)(pg + 1)° if n=pq

Proof:

Casei:Forn = p
F(K (Tz[D:p))) = p*+pi...(p+1times)
=(p+1).p°
=p*+p?

Case ii :Forn = p*
F(K (TE[D:P:))) = p®+p...(p* + 1 times)
=(p* + 1)(p*)*
= (@*+ 1)p°

Case iii :Forn = pq
F(K (TE[DEM ))) = (pg+2)+(pg +1)+ - (pg + 2 times)

= (pg +2).(pq + 1)*

Theorem 2.8.
For the clique graph of cyclic subgroup graph on a dihedral group,
(p+1)p .
_— ifn=mp
2
p*(p*+1) , ,
465 (x(T.(D,,))) = — if n=p?
(pg+ 2)(pg+ 1) e
if n=pq
2
Proof

Casei: Forn = p

AGs (K (. (D:p))) = Z J(M

eves(r 0 )zx.fa(x).a(}’)

ZF

_ pitp (p(pﬂ})
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Case ii: Forn = p~

AGS (K[Tg[ﬂz;ﬁ))) = Z \;%
xyeE| w(T2(Dy 2 ) i| ?

_ 2+t (P“'ﬁpzﬂj)
2ot p° 2
_ (p*+1p®

-

Case iii: Forn = pg

wos(e(r(0))= Y ZDEA)

wyeE(x(T;(Dapg ) 2ya(x).0(y)

_ (pg+l)+ipg+l) ('imrﬂ}'imrﬂ})
2/ (pg+1)ipg+l) z

_ (patl)ipgtl)

-

Theorem 2.9.
For the clique graph of cyclic subgroup graph on a dihedral group,

465 (x(r.(D,,)))

( (p+1)p" .
= ifn=p
16(p*—3p*+3p—1)
14 2
+1 ,
_Jp (p ) ifn=p?
16(p — 1)*
(pg + 2)(pqg +1)7 .
ifn=pq

U 16(pg — 1)°

Proof:

Casei:Forn =p
ASI (K {1"3 [Dfﬂ))) - Z }(ﬂ [;(j‘];g]— 2)

.r}'EE(Hllrl_zl:D:F:l
_ ( Py )3 plp+1)
p+p-2) 2

(p+1)p”
16(p—1)%
(p+1)p”
16(p®—3p?+3p—1)

Case ii: For n = p~
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AST (K {1"3 (D, ;F))) = Z (ﬂ(;)[f:g?_ 2)

x}'EE(H(l_z [5': gt }}:l

_( pip® )3 pzl:p=+1:|
pr4pi-2) T 2

_ (pT+1)p™
16 (p2-1)%

Case iii: Forn = pg

ast(x(L0x0)))= ) (d(jfjg)_ z)

x}'EE(HI::I_z[szq:l

:( (pg+llipg+1) )3 (pg+l)(pg+2)
(pg+l)+(pg+l)—2 2
_ (pa+2)(pg+1)”

16 (pgl®

Theorem 2.10.
For the clique graph of cyclic subgroup graph on a dihedral group;

RH (x(T.(D,,)))

((p+Dp o
E:HT Ifﬂ.—p
(p*+1)p° , ,

RGN ifn=p’
(pq +2)(pg + 1) .
L 22pq+3 ifn=pq

Proof:

Casei: Forn = p

RH (}c (TS[D:;:))) N p(p; . (zulﬂ:)

_ (ptlp

I +1

Caseii: Forn = p~

RH (K(rz[agpz}}) _ p:(p;+ 1) (EP;LWZ)

_ (p*+1)p®

AZET+1L

Case i: Forn = pg

RH (K (T.(Ds ))) _(pa+ z;(p +1) (zwﬂlﬂqﬂ)

_ (pa+2iipg+l)
- JZFG+E
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Theorem 2.11
For the clique graph of cyclic subgroup graph on a dihedral group,

. sﬁl(}c[l"zw:u])) B

(p + 1)p? fn=p
(p'+ 1)P6 Ilfn: B
(pa + 2)(pg +1)° fn=pa
P (p+1) ifn=p
©sw, (K(TS(D:HJ)): M if n= p°
(pa+2)(pa+1)” if n=pq
(p + 1)p* ifn=p
) SNE(K[TH(D::z)))z (p*+ 1)p°® if n= p°
(pa +2)(pa+1)* Fn=pa

Proof:

Casei:Forn = p
sN, (x(T,(D,,))) = M
= p*(®* + 1)

Case i : Forn = p°
swl(x (rz(nzpz))) _ .;;,up-a:,,:::}(pzﬂ}

= p*(»* + 1)

Case iii : Forn = pq
_ {lpa#1)*+(pg+1)"}pq+2)(pg+1)
SNl (K (rz (Dﬂpq ))) ==

-

= (pa+1)*(pq +2)
For (ii) & (iii), the proof is similar by (i).

Important Results

* N (K[TS(D::Q))) < Ny (FE(D:;J)

45" 4"

= wlll(m —1) (25‘ +M, (K[TE(D:”)))) _iE L o

wlllm (25 + M, (K[TE(D::-:)))) - %

where m and s represents the vertices and edges

- M, (}{[TE[:D:”))) = Ml[rg[:Diuj)

« My (x(T.(D2.))) > M, (L. (D,)
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F(K(_rz[ﬂiuj)) =
M (EH (K[rz[ﬂinj)) M, (K[TSED:”HJ) B

2M, (x(.(D,,))) — 4s

where = represents the number of edges.

Conclusions

In this article, we have examined some topological indices on clique graph of cyclic subgroup graph for dihedral group.
Moreover, we have given some theorems and results in detail.
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